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In a nutshell:
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Methods

Model

• random network of N nonlinearly interacting neurons:

ẋi(t) = −∇U(xi(t)) +
g√
N

N
∑

j=1

Jijφ(xj(t)) +
√
2Dξi(t)

• internal dynamics: overdamped motion in potential U(x)

• random network topology: independent Jij distributed accord-
ing to a standard normal distribution

• external input: independent Gaussian white noise processes ξi(t)
with zero mean and unit intensity

• for φ(x) = tanh(x), U(x) = 1
2x

2, D = 0, the model corre-
sponds to the study by Sompolinsky, Crisanti, Sommers [1]

Large Deviation Theory

• long list of achievements since 1938 [2] but, with notable ex-
ceptions [3, 5, 6], rarely used in Neuroscience

• central notion: rate function

H(x) = − lim
N→∞

1

N
logP (x),

i.e. the exponential part of the distribution P (x)

• canonical example [2]: xN heads in N tosses of a fair coin
→ P (x) =

(

N
xN

)

2−N = e−N [log 2+x log x+(1−x) log(1−x)]+o(N)

→ H(x) = log 2 + x log x + (1− x) log(1− x)

Rate Function of Empirical Measure

• we obtain the rate function of the empirical measure
µ[x] := 1

N

∑N
i=1 δ[xi − x]:

H(µ) =

∫

Dxµ[x] log
µ[x]

〈δ[ẋ +∇U(x)− η]〉η
, where

Cη(t1, t2) = 2Dδ(t1 − t2) + g2
∫

Dxµ[x]φ(x(t1)φ(x(t2)),

which generalizes the rigorous result of Arous & Guionnet [3]

Parameter Inference

• data (rate profiles xi(t)) is described by the cor-
responding empirical measure

µ[x] =
1

N

N
∑

i=1

δ[xi − x]

• likelihood of the empirical measure given the
(hyper-)parameters is

logP (µ|D, g) ≈ −NH(µ)

• for maximum likelihood parameter estimation,
we need

∂D,g logP (µ|D, g) = 0

• this leads to the simple condition

Sẋ+∇U(x)(f ) = 2D + g2Sφ(x)(f )

• g and D follow from a (non-negative) linear re-
gression of this linear relation

• in figure: U(x) = 1
2x

2 − s log(cosh(x)) with
s = 0 unless specified and φ(x) = tanh(x)
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Maximum likelihood parameter estimation for different potentials U(x) and different strength of the external noise (A).

Activity of three randomly chosen units (B), parameter estimation via non-negative linear regression (C), and the power

spectra corresponding to the inferred parameters (D).

Activity Prediction

• for U(x) = 1
2x

2, the most probable measure corresponds to a
Gaussian Process with self-consistent statistics

x ∼ GP(0, Cx)

• for a Gaussian Process, missing datapoints x̂ = x(t̂) and their
variability σx̂ can be predicted using [4]

x̂ = k
T
K

−1
x,

σ2
x̂ = κ− k

T
K

−1
k,

where Kij = Cx(ti, tj), ki = Cx(ti, t̂), and κ = Cx(t̂, t̂)
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Predicting future activity of a trajectory (gray) for g = 1.5, D = 0, s = 0. Training data (dark blue)

determines x and thus the prediction x̂ (light blue). The parameters of the correlation function Cx of

the Gaussian Process can be inferred very efficiently using the method outlined above; the remaining

numerical effort is small because K is small.

Mean-Field Theory

Statistical Field Theory

• developed in spin glass theory [7], strongly based on functional
integrals (path integrals) which are rarely treated rigorously

• considerable recent interest [8, 9, 10, 11, 12], comprehensive
introduction in the new book by Helias & Dahmen [13]

Equivalence to Large Deviation Theory

• the rate function of the empirical measure takes the form of a
Kullback-Leibler divergence:

H(µ) = DKL(µ[x] ‖ 〈δ[ẋ +∇U(x)− η]〉η)
• its unique minimum µ̄ is at

µ̄[x] = 〈δ[ẋ +∇U(x)− η]〉η , where

Cη(t1, t2) = 2Dδ(t1 − t2) + g2
∫

Dx µ̄[x]φ(x(t1)φ(x(t2))

• this corresponds to the self-consistent stochastic dynamics

ẋ(t) = −∇U(x(t)) + η(t)

obtained in [1] and extended to D 6= 0 in [10]

Outlook

• have shown for a highly nontrivial system that the path integral
approach leads to mathematically sound results

• intensify / facilitate further dialogue between physics and math-
ematics communities

• obtain subexponential corrections to rate function, e.g. using a
loop expansion, to account for finite size of networks and data

• explore the relation of Gaussian Processes and Artificial Neural
Networks [14] further

• justify Gaussian Process prediction with replica calculation
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