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Opening the Black Box
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Sussillo & Barak; Neural Comput. (2013), Fig. 2 Sussillo & Barak; Neural Comput. (2013), Fig. 3



Random Recurrent Neuronal Networks
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Random Recurrent Neuronal Networks
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* Dynamical Mean-Field Theory Sompolinsky, Crisanti, Sommers; Phys. Rev. Lett. (1988)
 Activity statistics: temporal autocorrelation
« Chaos above critical connection strength g,
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Random Recurrent Neuronal Networks
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* Dynamical Mean-Field Theory Sompolinsky, Crisanti, Sommers; Phys. Rev. Lett. (1988)
 Activity statistics: temporal autocorrelation
« Chaos above critical connection strength g,

« State space & fixed points:
« Exponential number of unstable fixed points  wainrib & Touboul; Phys. Rev. Lett. (2013)
« Where are the fixed points in phase space?
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Distribution of Fixed Points

 Random network — distribution of fixed points in state space
« Approach: Kac-Rice formula — random matrix problem

Distribution of fixed-point coordinates (of ~ 40,000 fixed points for N = 100)
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Distribution of Fixed Points .

 Random network — distribution of fixed points in state space

« Approach: Kac-Rice formula — random matrix problem _ pec’;lk at zero:
fixed points in the span

of a subset of the axes

Distribution of fixed-point coordinates (of ~ 40,000 fixed points) j
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Separation of Fixed Points and Dynamics

« Distance from origin in state space
« Dynamics: Zero-lag autocorrelation from Dynamical Mean-Field Theory
* Fixed points: From distribution of fixed points

> 20 94— fixed points L
S — dynamics -
8 10 - / L
- /
| | |

ge =~ 14 3 5

g

Page 11



Separation of Fixed Points and Dynamics

« Distance from origin in state space

« Dynamics: Zero-lag autocorrelation from Dynamical Mean-Field Theory
* Fixed points: From distribution of fixed points
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Linearized Dynamics

Jacobian spectrum at fixed points
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Summary & Outlook

 Analytical calculation of fixed point distribution for random recurrent network
« Located in the span of a subset of axes; radial separation in state space
« Linearized dynamics (Jacobian)

e Structural backbone for sequence prOCGSSing Rabinovich, Huerta, Laurent; Science (2008)
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« How does training shape the state space structure of the network?
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Kac-Rice Formula

& = y(x) y(z) = —x +Jo(x) + 7

Counting fixed points pr(V) = /V dax 0 [y(a:)] \det y’(m)\

Kac-Rice formula p(m) = (5[y(33)] ‘det y’(w)w.]m

p(x) = _[ dy' pz(y =0,y") |dety’



Velocity & Jacobian Statistics

y(@) =~ + Io(x) + ¥/ (@) = —1 + I diag [ ()]
(yi(x)) = —z; = pi(x), ([y'(x)];) = —0ir = (s () ]k
(s(@)y; (@) [ S0’ +D] 5., [() + D]

((y: () [y (@)],1,)) = i 0@ (21) = 6, [k(@)]i,

(([¥' (2)]; [V (®)]4)) = 5@‘j5kﬂﬁ¢ (z)? = 6 [K(x) -
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Random Matrix Problem

Kac-Rice formula p(a:) = f dy’pm (y - O,y’) ‘det y"

p(x) =pr(x) (|det y,Dy’wpm(y’l‘y:O)

p(x) = pr() (|det [M(z) + XZ(@)][) 500 1/m)



Fixed Point Distribution

p(x) = exp (- NS(z))
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Distribution of Coordinates
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Number of Fixed Points

(e) Topological complexity  (f) Critical g
5 _ ! 5 — fixed points
f'a.‘ 0.1 and chaos __~7.,.:
S N =
= |} A x»—Db=0 | & no chaos
— fixed int
2 0.0 | ! Ino Xe Ipcun S
1 3 5 0.5 1.0

Page 21



Lorenz Attractor

unstable fixed points

Strogatz — Nonlinear Dynamics and Chaos, Fig. 9.3.2 ~  Page22



